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Abstract
We develop a geometric theory for difference equations with a given
group of automorphisms. To solve this problem we extend the class of dif-
ference fields to the class of absolutely flat simple difference rings called
pseudofields. We prove the Nullstellensatz over pseudofields and investi-
gate geometric properties of pseudovarieties.
1 Introduction
Our purpose is to produce a geometric technique allowing to obtain a Picard-
Vessiot theory of difference equations with difference parameters. Unfortunately,
usual geometric approaches do not allow to produce a Picard-Vessiot extension
with difference parameters. Roughly speaking, the problem is that morphisms
of varieties in these theories are not constructible. Therefore, we have to de-
velop an absolutely new machinery. The main advantage of our theory is that
the morphisms of varieties are constructible. We also describe general proper-
ties of our varieties. Using these results one can obtain a Picard-Vessiot theory
of difference equations with difference parameters [2]. The most important ap-
plication of this theory is the description of difference relations among solutions
of difference equations, especially, for Jacobi’s theta-function.
This article is devoted to producing a general geometric theory of difference
equations. Therefore, it is hard to distinguish main results. Nevertheless, we un-
derline the following ones. Theorem 17 describes difference closed pseudofields.
Proposition 31 used to obtain all geometric results, particulary, this proposi-
tion shows that morphisms of pseudovarieties are constructible. Describing the
global regular functions, Theorem 40 reduces the geometric theory to the al-
gebraic one. Lemma 47 appears in different forms in the text (for example,
Proposition 6), this full version allows to connect the theory of pseudovarieties
with the theory of algebraic varieties. A more detailed survey of the main results
is included in the following section.
In this paper, we develop a geometric theory of difference equations. But
what does it mean? In commutative algebra if an algebraically closed field is
∗XY-pic package is used
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given, there is a one-to-one correspondence between the set of affine algebraic
varieties and radical ideals in a polynomial ring. Moreover, the category of affine
algebraic varieties is equivalent to the category of finitely generated algebras.
Such a point of view was extended to the case of differential equations by Ritt
and his successors. The notion of differential algebraic variety led to the notion
of differentially closed field. The similar results appeared in difference algebra.
The first results in this direction were obtained by Cohn [5]. He discovered
the following difficulty: to obtain a necessarily number of solutions of a given
system of difference equations we have to consider solutions in several distinct
difference fields at the same time. This effect prevented from finding the notion
of difference closed field. However, such notion was introduced by Macintyer [8].
In model theory the theory of a difference closed field is called ACFA. A detailed
survey of ACFA theory can be found in [4]. The appearance of the notion of
difference closed field allowed to define the notion of difference variety in the
same manner as in differential case.
In [7] Hrushovski develops the notion of difference algebraic geometry in
a scheme theoretic language. But his machinery can be applied only to well-
mixed rings. Unfortunately, here is a deeper problem: all mentioned attempts
of building a geometric theory deal with fields. Let us recall the main difficul-
ties: 1) there exist a pair of difference fields such that there is no difference
overfield containing both of them 2) morphisms of difference varieties are not
constructible 3) a maximal difference ideal is not necessarily prime 4) the set of
all common zeros of a nontrivial difference ideal is sometimes empty. An exam-
ple can be found in [12, Proposition 7.4]. The essential idea is to extend the class
of difference fields. Such approach was used in [16, 13, 1, 17]. In particulary,
in the Picard-Vessiot theory of difference equations one founds that the ring
containing enough solutions is not necessarily a field but rather a finite product
of fields. Solving a similar problem, Takeuchi considered simple Artinian rings.
In [17] Wibmer combined the ideas of Hrushovski with those similar to the ideas
in Takeuchi’s work to develop the Galois theory of difference equations in the
most general context. All these works ultimately deal with finite products of
fields.
As we can see, the Galois theory of difference equations requires to consider
finite products of fields. This simple improvement allowed to produce difference-
differential Picard-Vessiot theory with differential parameters [6]. The next step
is to obtain Picard-Vessiot theory for the equations with difference parameters.
A first idea of how to do this is to use difference closed fields and to repeat
the discourse developed in [16, 6]. Unfortunately, this method does not work.
And the general problem is that the morphisms of difference varieties are not
constructible. This effect appears when we construct a Picard-Vessiot extension
for an equation with difference parameters. In this situation we expect that the
constants of the extension coincide with the constants of the initial field. And
we use this fact to produce a Galois group as a linear algebraic group. However,
the constants of a Picard-Vessiot extension need not be a field, for example [2,
example 2.6].
Therefore, we must develop a new geometric theory. The first question is
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what class of difference rings is appropriate for our purpose. The answer is the
class of all simple absolutely flat difference rings. The detailed discussion of how
to figure this out can be found in [14]. We shall use a term pseudofield for such
rings. Our plan is to introduce difference closed pseudofields and to develop the
corresponding theory of pseudovarieties.
Here we shall briefly discuss some milestones of the theory. First of all we
need the notion of difference closed pseudofield. A similar problem appears in
differential algebra of prime characteristic. In prime characteristic, we have to
deal with quasifields instead of fields. In [15], differentially closed quasifields are
introduced. The crucial role in this theory is played by the ring of Hurwitz series.
A difference algebraic analogue is introduced in Section 3.3 and is called the ring
of functions. Such a construction appeared in many papers, for example [16,
10, 11].
Here our theory is divided into two parts: the case of a finite group or an
infinite one. This paper deals with the finite groups. We show that functions
on the group give a full classification of difference closed pseudofields. In this
situation, pseudofields are finite products of fields. Therefore, pseudofields in
our sense and pseudofields in [17] coincide. The case of infinite group is much
harder and is scrutinized in [14].
The theory of difference rings has one important technical difficulty: we
cannot use an arbitrary localization. For example, suppose that we need to
investigate an inequality f 6= 0. To do this one can consider the localization
with respect to the powers of f . Unfortunately, the constructed ring is not
necessarily a difference one. To find the “minimal” difference ring containing
1/f , we should generate the smallest invariant multiplicative subset by f . But
this subset often contains zero. Therefore, we have to develop a new machinery
to avoid this difficulty. This machinery is developed in section 4.2 and is called
an inheriting. Roughly speaking, all results of the paper are based on the
classification of difference closed pseudofields and the inheriting machinery.
1.1 Structure of the paper
All necessary terms and notation are introduced in Section 2. Section 3 is
devoted to the basic techniques used in further sections. In Section 3.1, we
introduce pseudoprime ideals and investigate their properties. In the next Sec-
tion 3.2, we deal with pseudospectra and introduce a topology on them. In
Section 3.3, the most important class of difference rings is presented. We prove
the theorem of the Taylor homomorphism for this class of rings (Proposition 6).
The most interesting case for us is the case of finite groups of automorphisms.
Section 4. In Section 4.1, we improve basic technical results obtained in Sec-
tion 3. Section 4.2 provides the relation between the commutative structure of
a ring and its difference structure. Since in difference algebra we are not able to
produce fraction rings with respect to an arbitrary multiplicatively closed sets,
we need an alternative technique, which is based on the inheriting of properties.
The main technical result is Proposition 10 allowing to avoid localization.
The structure of pseudofields is scrutinized in Section 4.3. We introduce
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difference closed pseudofields and classify them up to isomorphism (Proposi-
tion 17). We prove that every pseudofield (so, thus every field) can be embedded
into a difference closed pseudofield (Propositions 19 and 20). Our technique is
illustrated by a sequence of examples. Section 4.4 plays an auxiliary role. Its
results have special geometric interpretation. The most important statements
are Proposition 31 and its corollaries 32 and 33.
Using difference closed pseudofield one can produce a geometric theory of
difference equations with finite group of automorphisms. In Section 4.5, we
introduce the basic geometric notions. The main result of the section is the
difference Nullstellensatz for pseudovarieties (Proposition 39). In Section 4.6,
we construct two different structure sheaves of regular functions. The first
one consists of functions that are given by a fraction a/b in a neighborhood of
each point. Every pseudofield has an operation generalizing division. We use
this operation to produce the second sheaf. And the main result is that these
sheaves coincide and the ring of global sections consists of polynomial functions.
Section 4.7 contains nontrivial geometric results about pseudovarieties. For
example, Theorem 45 says that morphisms are constructible.
There is a natural way to identify a pseudoaffine space with an affine space
over some algebraically closed field. Thus, every pseudovariety can be considered
as a subset of an affine space. One can show that pseudovarieties are closed in
the Zariski topology. Moreover, there is a one-to-one correspondence between
pseudovarieties and algebraic varieties. We prove this in Section 4.8 and we show
how to derive geometric properties of pseudovarieties using the adjoint variety
in Section 4.9. The final section contains the basic results on the dimension.
2 Terms and notation
This section is devoted to basic notions and objects used further. We shall
define an interesting for us class of rings and the notion of pseudospectrum.
Let Σ be an arbitrary group. A ring A will be said to be a difference ring
if A is an associative commutative ring with an identity element such that
the group Σ is acting on A by means of ring automorphisms. A difference
homomorphism of difference rings is a homomorphism preserving the identity
element and commuting with the action of Σ. A difference ideal is an ideal
stable under the action of the group Σ. We shall write Σ instead of the word
difference. A simple difference ring is a ring with no nontrivial difference ideals.
The set of all Σ-ideals of A will be denoted by IdΣA. For every ideal a ⊆ A and
every element σ ∈ Σ the image of a under σ will be denoted by aσ.
The set of all, radical, prime, maximal ideals of A will be denoted by IdA,
RadA, SpecA, MaxA, respectively. The set of all prime difference ideals of A
will be denoted by SpecΣA. For every ideal a ⊆ A the largest Σ-ideal laying in
a will be denoted by aΣ. Such an ideal exists because it coincides with the sum
of all difference ideals contained in a. Note that
aΣ = { a ∈ a | ∀σ ∈ Σ: σ(a) ∈ a }.
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So, we have a mapping
π : IdA→ IdΣA
defined by the rule a 7→ aΣ. Straightforward calculation shows that for every
family of ideals aα we have
π(
⋂
α
aα) =
⋂
α
π(aα).
It is easy to see that for any ideal a there is the equality
aΣ =
⋂
σ∈Σ
aσ.
We shall define the notion of pseudoprime ideal of a Σ-ring A. Let S ⊆ A
be a multiplicatively closed subset containing the identity element, and let q be
a maximal Σ-ideal not meeting S. Then the ideal q will be called pseudoprime.
The set of all pseudoprime ideals will be denoted by PSpecA and is called a
pseudospectrum.
Note that the restriction of π onto the spectrum gives the mapping
π : SpecA→ PSpecA.
The ideal p will be called Σ-associated with pseudoprime q if π(p) = q. Let q be
a pseudoprime ideal, and let S be a multiplicatively closed set from the definition
of q, then every prime ideal containing q and not meeting S is Σ-associated with
q. So, the mapping π : SpecA→ PSpecA is surjective.
Let S be a multiplicatively closed set and a be an ideal of A. Then the
saturation of a with respect to S will be the following ideal
S(a) =
⋃
s∈S
(a : s).
If s is an element of A then the saturation of a with respect to {sn} will be
denoted by a : s∞.
If S is a multiplicatively closed subset of A then the ring of fractions of A
with respect to S will be denoted by S−1A. If S = {tn}∞n=0 then the ring S−1A
will be denoted by At. If p is a prime ideal of A and S = A \ p then the ring
S−1A will be denoted by Ap.
For any subset X ⊆ A the smallest difference ideal containing X will be
denoted by [X ]. The smallest radical difference ideal containing X will be
denoted by {X}. The radical of an ideal a will be denoted by r(a). So, we have
that {X} = r([X ]).
Let f : A→ B be a homomorphism of rings and let a and b be ideals of A and
B, respectively. Then we define the extension ae to be the ideal f(a)B generated
by f(a). The contraction bc is the ideal f∗(b) = f−1(b). If the homomorphism
f : A→ B is a difference one then both extension and contraction of difference
ideals are difference ones.
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Let f : A→ B be a Σ-homomorphism of difference rings, and let q be a pseu-
doprime ideal of B. The contraction qc is pseudoprime because π is surjective
and commutes with f∗. So, we have a mapping from PSpecB to PSpecA. This
mapping will be denoted by f∗Σ. It follows from the definition that the following
diagram is commutative
SpecB
f∗ //
π

SpecA
π

PSpecB
f∗
Σ // PSpecA
The set of all radical Σ-ideals of A will be denoted by RadΣA. For the
convenience maximal difference ideals will be called pseudomaximal. This set
will be denoted by PMaxA. It is clear, that every pseudomaximal ideal is
pseudoprime (S = {1}). It is easy to see, that a radical difference ideal can be
presented as an intersection of pseudoprime ideals. So, the objects with prefix
pseudo have the same behavior as the objects without it.
The ring of difference polynomials A{Y } is a ring A[ΣY ], where Σ acts in
the natural way. A difference ring B will be called an A-algebra if there is
a difference homomorphism A → B. It is clear, that every A-algebra can be
presented as a quotient ring of some polynomial ring A{Y }.
3 Basic technique
In this section we shall prove basic results about the introduced set of difference
ideals.
3.1 Pseudoprime ideals
Proposition 1. Let q and q′ be pseudoprime ideals of a difference ring A. Then
1. Ideal q is radical.
2. For every ideal p Σ-associated with q there is the equality
q =
⋂
σ∈Σ
pσ.
3. For every element s /∈ q there is the equality
(q : s∞)Σ = q.
4. It follows from the equality q : s∞ = q′ : s∞ that for every element s either
s belongs to q and q′, or q = q′.
5. For every two difference ideals a and b the inclusion ab ⊆ q implies either
a ⊆ q, or b ⊆ q.
6
Proof. (1). Let S be a multiplicatively closed subset of A such that q is a
maximal difference ideal not meeting S. Then r(q) is a difference ideal containing
q and not meeting S. Consequently, r(q) = q.
(2). The equality pΣ = ∩pσ is always true. But from the definition we have
q = pΣ.
(3). Let p be a Σ-associated with q prime ideal. Then it follows from (2)
that there exists σ ∈ Σ such that s /∈ pσ. Therefore, there is the inclusion
(q : s∞) ⊆ (pσ : s∞) = pσ,
and, consequently,
(q : s∞)Σ ⊆ pσΣ = q.
The other inclusion is obvious.
Note that for every ideal a the equality a : s∞ = A holds if and only if s ∈ a.
Therefore, we need to consider the case s /∈ q and s /∈ q′. From the previous
item we have
q = (q : s∞)Σ = (q
′ : s∞)Σ = q
′.
(5). Let p be a Σ-associated with q prime ideal. Then either a ⊆ p, or b ⊆ p.
Suppose that the first one holds. Then
a = aΣ ⊆ pΣ = q.
We shall show that condition (3) does not hold for an arbitrary multiplica-
tively closed subset S.
Example 2. Let Σ = Z, consider the ring A = KΣ, where K is a field. Then
this ring is of Krull dimension zero. So, every prime ideal is maximal. This is
a well-known fact that the maximal ideals of A can be described in terms of
maximal filters on Σ. Namely, for an arbitrary filter F of Σ we define the ideal
mF = { x ∈ A | {n | xn = 0 } ∈ F }.
There are two different types of maximal ideals. The first type corresponds to
principal maximal filters
mk = { x ∈ A | xk = 0 }
and the second type corresponds to ultrafilters mF . It is clear that for all ideals
of the first type we have (mk)Σ = 0. But for any ultrafilter F the ideal mF
contains the ideal K⊕Σ consisting of all finite sequences. Therefore, (mF )Σ 6= 0.
As we can see not every minimal prime ideal containing zero ideal is Σ-associated
with it. Additionally, set S = A \mF , where F is an ultrafilter. Then
(S(0))Σ = (mF)Σ 6= 0.
Let us note one peculiarity of radical difference ideals.
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Example 3. Let Σ = Z. Consider the ring A = K × K, where Σ acts as a
permutation of factors. Then
{(1, 0)}{(0, 1)} * {(1, 0)(0, 1)},
because the left-hand part is A and the right-hand part is 0. So, the condition
{X}{Y } ⊆ {XY } does not hold.
3.2 Pseudospectrum
We shall provide a pseudospectrum with a structure of topological space such
that the mapping π will be continuous.
Let A be an arbitrary difference ring and X be the set of all its pseudoprime
ideals. For every subset E ⊆ A let V (E) denote the set of all pseudoprime ideals
containing E.
Proposition 4. Using the above notation the following holds:
1. If a is a difference ideal generated by E, then
V (E) = V (a) = V (r(a)).
2. V (0) = X, V (1) = ∅.
3. Let (Ei)i∈I be a family of subsets of A. Then
V
(⋃
i∈I
Ei
)
=
⋂
i∈I
V (Ei) .
4. For any difference ideals a, b in A the following holds
V (a ∩ b) = V (ab) = V (a) ∪ V (b).
Proof. Condition (1) immediately follows from the definition of V (E) and the
fact that pseudoprime ideal is radical. Conditions (2) and (3) are obvious. The
last statement immediately follows from condition (5) of Proposition 1.
So, we see that the sets V (E) satisfy the axioms for closed sets in topological
space. We shall fix this topology on pseudospectrum. Consider the mapping
π : SpecA→ PSpecA.
For every difference ideal a we have
π−1(V (a)) = V (a),
i. e., the mapping π is continuous. Let us recall that π is always surjective.
Let us denote the pseudospectrum of a difference ring A by X . Then for
every element s ∈ A the complement of V (s) will be denoted by Xs. From
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the definition of topology we have that every open subset can be presented as
a union of the sets of the form Xs. In other words the family {Xs | s ∈ A}
forms a basis of topology. It should be noted that the intersection Xs ∩ Xt is
not necessarily of the form Xu.
Proposition 5. Using the above notation we have
1. Xs ∩Xt = ∪σ,τ∈ΣXσ(s)τ(t).
2. Xs = ∅ iff s is nilpotent.
3. X is quasi-compact (that is, every open covering of X has a finite subcov-
ering).
4. There is a one-to-one correspondence between the set of all closed subsets
of the pseudospectrum and the set of all radical difference ideals:
t 7→ V (t) V (E) 7→
⋂
q∈V (E)
q.
Proof. Condition (1) is proved by straightforward calculation.
(2). Note that Xs is not empty if and only if the set of all prime ideals
not containing s is not empty. The last condition is equivalent to s being not
nilpotent.
(3). Let {V (ai)} be a centered family of closed subsets (that is every inter-
section of finitely many elements is not empty), where ai are difference ideals.
We need to show that ∩iV (ai) is not empty. Suppose that contrary holds
∩iV (ai) = ∅. But ⋂
i
V (ai) = V (
∑
i
ai) = ∅.
The last equality is equivalent to condition that 1 belongs to
∑
i ai. But in this
situation 1 belongs to a finite sum. Therefore, the corresponding intersection of
finitely many closed subsets is empty, contradiction.
(4). The statement immediately follows from the equality
r([E]) =
⋂
q∈V (E)
q.
Let us show that this equality holds. The inclusion ⊆ is obvious. Let us show
the other one. Let g not belong to the radical of [E] then consider the set of all
difference ideals containing E and not meeting {gn}∞n=0. This set is not empty,
since [E] is in it. From Zorn’s lemma there is a maximal difference ideal with
that property. From the definition this ideal is pseudoprime.
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3.3 Functions on the group
For every commutative ring B the set of all functions from Σ to B will be
denoted by FB. As a commutative ring it coincides with the product
∏
σ∈ΣB.
Let us provide FB with the structure of a difference ring. We define σ(f)(τ) =
f(σ−1τ). For every element σ of the group Σ there is a homomorphism
γσ : FB → B
f 7→ f(σ)
It is clear that γτ (σf) = γσ−1τ (f).
Proposition 6. Let A be a difference ring, and let ϕ : A → B be a homomor-
phism of rings. Then for every element σ ∈ Σ there exists a unique difference
homomorphism Φσ : A→ FB such that the following diagram is commutative
FB
γσ

A
ϕ //
Φσ
=={{{{{{{{
B
Proof. By the hypothesis the homomorphism Φσ satisfies the property
Φσ(a)(τ
−1σ) = (τΦσ(a))(σ) = ϕ(τa)
whenever a ∈ A and τ ∈ Σ. Consequently, if Φσ exists then it is unique. Define
the mapping Φσ by the following rule
Φσ(a)(τ) = ϕ(στ
−1a).
It is clear that this mapping is a homomorphism. The following calculation
shows that this homomorphism is a difference one.
(νΦσ(a))(τ) = Φσ(a)(ν
−1τ) = ϕ(στ−1νa) = Φσ(νa)(τ).
The ring FB is an essential analogue of the Hurwitz series ring. The elements
of FB are the analogues of the Taylor series. The homomorphisms Φσ are
analogues of the Taylor homomorphism for the Hurwitz series ring. Therefore,
we shall call these homomorphisms the Taylor homomorphisms at σ. The Taylor
homomorphism at the identity of the group will be called simpler the Taylor
homomorphism.
It should be noted that the set of all invariant elements of FB can be iden-
tified with B. Namely, B coincides with the set of all constant functions. So,
we suppose that B is embedded in FB.
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4 The case of finite group
4.1 Basic technique
From now we shall suppose that the group Σ is finite. First of all we shall prove
more delicate technical results for the finite group.
Proposition 7. Let A be a difference ring, q be a pseudoprime ideal of A, and
S be a multiplicatively closed subset in A. Then
1. Every minimal prime ideal containing q is Σ-associated with q.
2. The restriction of π onto MaxA is a well-defined mapping π : MaxA →
PMaxA.
3. If S ∩ q = ∅ then (S(q))Σ = q.
Proof. (1). Let p be a Σ-associated with q prime ideal. Then q = ∩σpσ. Now
let p′ be an arbitrary minimal prime ideal containing q. Then ∩σpσ = q ⊆ p′.
Consequently, pσ ⊆ p′ for some σ and, thus, pσ = p′.
(2). Let m be a maximal ideal and let q = mΣ. We shall show that q is a
maximal difference ideal. Since the mapping SpecA→ PSpecA is surjective, it
suffices to show that every prime ideal containing q coincides with mσ for some
σ. Indeed, let q ⊆ p. Then since q = ∩σmσ, we have mσ ⊆ p for some σ. The
desired result holds because m is maximal.
(3). By the hypothesis there is a prime ideal p such that q ⊆ p and S∩p = ∅.
Then there exists a minimal prime ideal p′ with the same condition. From the
definition we have S(q) ⊆ S(p′) = p′. Thus, the equality q = p′Σ follows from
condition (1).
Let A be a difference ring, and X be the pseudospectrum of A. For any
radical difference ideal t we define the closed subset V (t) in X . Conversely, for
every closed subset Z we define the radical difference ideal ∩q∈Zq.
Proposition 8. The mentioned mappings are inverse to each other bijections
between RadΣA and {Z ⊆ X | Z = V (E) }. Suppose additionally that any
radical difference ideal in A is an intersection of finitely many prime ideals (for
example A is Noetherian). Then a closed set is irreducible if and only if it
corresponds to a pseudoprime ideal.
Proof. The first statement follows from Proposition 5 (4). Let us show that
irreducible sets correspond to pseudoprime ideals.
Let q be a pseudoprime ideal and let V (q) = V (a) ∪ V (b) = (a ∩ b). Then
q ⊇ a ∩ b. Thus, either q ⊇ a, or q ⊇ b (see Proposition 4 (4)). Suppose that
the first condition holds. Then V (q) ⊆ V (a). The other inclusion holds because
of the choice of V (a).
Conversely, let t be a radical difference ideal. Suppose that t is not pseudo-
prime. Let p1 . . . , pn be all minimal prime ideals containing t. Then the action
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of Σ on this set is not transitive. Thus, the ideals
ti =
⋂
σ∈Σ
pσi
contain t and do not coincide with t. Let t1, . . . , ts be all different ideals among
ti. Then t = ∩iti is a nontrivial decomposition of the ideal t.
4.2 Inheriting of properties
Let f : A → B be a difference homomorphism of difference rings. We shall
consider the following pairs of properties:
(A1): is a property of f , where f is considered as a homomorphism
(A2): is a property of f , where f is considered as a difference homomorphism
such that (A1) implies (A2). The idea is the following: finding such pair of
properties, we shall reduce the difference problem to a non difference one.
The homomorphism f : A → B is said to have the going-up property if for
every chain of prime ideals
p1 ⊆ p2 ⊆ . . . ⊆ pn
in A and every chain of prime ideals
q1 ⊆ q2 ⊆ . . . ⊆ qm
in B such that 0 < m < n and qci = pi (1 6 i 6 m) the second chain can be
extended to a chain
q1 ⊆ q2 ⊆ . . . ⊆ qn
with condition qci = pi (1 6 i 6 n).
The homomorphism f : A → B is said to have the going-down property if
for every chain of prime ideals
p1 ⊇ p2 ⊇ . . . ⊇ pn
in A and every chain of prime ideals
q1 ⊇ q2 ⊇ . . . ⊇ qm
in B such that 0 < m < n and qci = pi (1 6 i 6 m), the second chain can be
extended to a chain
q1 ⊇ q2 ⊇ . . . ⊇ qn
with condition qci = pi (1 6 i 6 n).
Let f : A → B be a difference homomorphism. This homomorphism is said
to have going-up (going-down) property for difference ideals if the mentioned
above properties hold for the chains of pseudoprime ideals.
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Proposition 9. For every difference homomorphism f : A → B the following
holds
1. In the following diagram
SpecB
f∗ //
π

SpecA
π

PSpecB
f∗
Σ // PSpecA
if f∗ is surjective, then f∗Σ is surjective.
2. f has the going-up property ⇒ f has the going-up property for difference
ideals.
3. f has the going-down property ⇒ f has the going-down property for dif-
ference ideals.
Proof. (1) This property follows from the fact that π is surjective.
(2). Let q1 ⊆ q2 be a chain of pseudoprime ideals of A and let q′1 be
a pseudoprime ideal in B contracting to q1. Consider a prime ideal p
′
1 Σ-
associated with q′1. The contraction of p
′
1 to A will be denoted by p1. Then
p1 will be Σ-associated with q1. Let p2 be a prime ideal Σ-associated with q2.
Then ∩σpσ1 = q1 ⊆ p2. Thus, it follows from [3, chapter 1, sec. 6, prop. 1.11(2)]
that for some σ we have pσ1 ⊆ p2. Consider two chains of prime ideals pσ1 ⊆ p2
in A and (p′1)
σ in B. From the going-up property there exists a prime ideal p′2
such that (p′1)
σ ⊆ p′2 and (p′2)c = p2. Therefore, the ideal (p′2)Σ is the desired
pseudoprime ideal.
(3). Let q1 ⊇ q2 be a chain of pseudoprime ideals in A, and let q′1 be a pseu-
doprime ideal in B contracting to q1. Let p
′
1 be a prime ideal Σ-associated with
q′1. Its contraction to A will be denoted by p1. Then p1 is Σ-associated with
q1. Let p be a prime ideal Σ-associated with q2. Then ∩σpσ = q2 ⊆ p1. Con-
sequently, for some σ we have pσ ⊆ p (see. [3, chapter 1, sec. 6, prop. 1.11(2)]).
The going-down property guaranties that there exists a prime ideal p′2 with
conditions p′2 ⊆ p′1 and (p′2)c = pσ. Then the ideal (p′2)Σ is the desired one.
Since not for every multiplicatively closed set S the fraction ring is a differ-
ence ring we need to generalize the previous proposition. Let f : A → B be a
difference homomorphism and let X and Y be subsets of the pseudospectra of A
and B, respectively, such that f∗Σ(Y ) ⊆ X . We shall say that that the going-up
property holds for f∗Σ : Y → X if for every chain of pseudoprime ideals
p1 ⊆ p2 ⊆ . . . ⊆ pn
in X and every chain of pseudoprime ideals
q1 ⊆ q2 ⊆ . . . ⊆ qm
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in Y such that 0 < m < n and qci = pi (1 6 i 6 m), the second chain can be
extended to a chain
q1 ⊆ q2 ⊆ . . . ⊆ qn
in Y with condition qci = pi (1 6 i 6 n).
We shall say that that the going-down property holds for f∗Σ : Y → X if for
every chain of pseudoprime ideals
p1 ⊇ p2 ⊇ . . . ⊇ pn
in X and every chain of pseudoprime ideals
q1 ⊇ q2 ⊇ . . . ⊇ qm
in Y such that 0 < m < n and qci = pi (1 6 i 6 m), the second chain can be
extended to a chain
q1 ⊇ q2 ⊇ . . . ⊇ qn
in Y with condition qci = pi (1 6 i 6 n). Now we shall prove more delicate
result.
Proposition 10. Let f : A → B be a difference homomorphism of difference
rings. The pseudospectrum of A will be denoted by X and the pseudospectrum
of B by Y . Then the following holds:
1. Let for some s ∈ A and u ∈ B the mapping
f∗ : SpecBsu → SpecAs
be surjective. Then the mapping f∗Σ : Yf(s)u → Xs is surjective.
2. Let for some s ∈ A the mapping
f∗s : SpecBs → SpecAs
have the going-up property. Then the mapping f∗Σ : Yf(s) → Xs has the
going-up property.
3. Let for some s ∈ A and u ∈ B the mapping
f∗ : SpecBsu → SpecAs
have the going-down property. Then the mapping f∗Σ : Yf(s)u → Xs has
the going-down property.
Proof. (1). Let q ∈ Xs. Since s /∈ q then there exists a prime ideal p′ such that
q ⊆ p′ and s /∈ p′. Then there exists a minimal prime ideal p with this property.
Consequently, p is Σ-associated with q. By the hypothesis there is a prime ideal
p1 in B not containing f(s)u such that p
c
1 = p. Therefore, the ideal (p1)Σ is the
desired one.
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(2). Let q1 ⊆ q2 be a chain of pseudoprime ideals of A not containing s, and
q′1 be a pseudoprime ideal of B not containing f(s). Let p
′
1 be a prime ideal
Σ-associated with q′1, and p1 is its contraction to A. As in (1) we shall find a
prime ideal p2 Σ-associated with q2 and not containing s. Then ∩σpσ1 = 0 ⊆ p2.
Thus, for some σ we have pσ1 ⊆ p2. Consider the sequence of ideals pσ1 ⊆ p2 and
ideal (p′1)
σ contracting to pσ1 . By the hypothesis there exists a prime ideal p
′
2
containing (p′1)
σ and contracting to p2. Then the ideal (p
′
2)Σ is the desired one.
(3). Let q1 ⊇ q2 be a chain of pseudoprime ideals in A not containing s
and q′1 is a pseudoprime ideal in B contracting to q1. As in (2) we shall find a
prime ideal p′1 σ-associated with q
′
1 and not containing f(s)u. Its contraction
will be denoted by p1. Let p2 be a prime ideal Σ-associated with q2. Then
∩σpσ2 = 0 ⊆ p1. Thus, for some σ we have pσ2 ⊆ p1. By the hypothesis for
the chain p1 ⊇ pσ2 and the ideal p′1 there is a prime ideal p′2 laying in p′1 and
contracting to pσ2 . Then the ideal (p
′
2)Σ is the desired one.
Example 11. Let Σ = Z/2Z, where σ = 1 is the nonzero element of the group,
and let C be an algebraically closed field. Let A = C[x], where σ coincides with
the identity mapping on A. Now consider the ring B = C[t], where σ(t) = −t.
There is a difference embedding ϕ : A→ B such that x 7→ t2. So, we can identify
A with the subring C[t2] in B.
Let SpecΣB and SpecΣA be the sets of all prime difference ideals of the
rings B and A, respectively. It is clear that SpecΣB = {0} consists of one
single point and SpecΣA = SpecA. The contraction mapping
ϕ∗ : SpecΣB → SpecΣA
maps the zero ideal to the zero ideal. We see that SpecΣB is dense in SpecΣA
but does not contain an open in its closure. So, SpecΣB is very poor.
Now let us show what will happen if we use pseudoprime ideals instead
of prime ones. It is clear that PSpecA = SpecA. Let us describe PSpecB.
Consider the mapping π : SpecB → PSpecB. Every maximal ideal of B is of
the form (t− a), then (t − a)Σ = (t2 − a2) is pseudoprime if a 6= 0. Therefore,
the set of all pseudoprime ideals is the following
PSpecB = {0} ∪ {(t)} ∪ { (t2 − a) | 0 6= a ∈ C }.
We can identify pseudomaximal spectrum with an affine line C by the rule
(t2 − a) 7→ a and (t) 7→ 0. Now consider the contraction mapping
ϕ∗Σ : PSpecB → PSpecA.
As we can see ϕ∗Σ(t
2 − a) = (x − a) and ϕ∗σ(t) = (x). Identifying pseudomax-
imal spectrum of A with C by the rule (x − a) 7→ a, we see that the mapping
ϕ∗Σ : PMaxB → PMaxA coincides with the identity mapping. It is easy to see
that the homomorphism ϕ : A→ B has the going-up and going-down properties.
Therefore, it has the going-up and the going-down properties for difference ide-
als. But this is obvious from the discussion above. Consequently, the mapping
ϕ∗Σ is a homeomorphism between PSpecA and PSpecB.
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4.3 Pseudofields
An absolutely flat simple difference ring will be called a pseudofield.
Proposition 12. For every pseudofield A the group Σ is transitively acting on
MaxA. Moreover, as a commutative ring A is isomorphic to Kn, where n is
the number of all maximal ideals in A and K is isomorphic to A/m, where m is
a maximal ideal in A.
Proof. Let m be a prime ideal of A. By the hypothesis this ideal is simulta-
neously maximal and minimal (see. [3, chapter 3, ex. 11]). Then ∩σmσ is a
difference ideal and, thus, equals zero. Let n be an arbitrary prime ideal of A
then ∩σmσ = 0 ⊆ n. Consequently, n = mσ for some σ, i. e., Σ acts transi-
tively on MaxA. Let m1, . . . ,mn be the set of all maximal ideals of A. Then it
follows from [3, chapter 1, sec. 6, prop. 1.10] that A is isomorphic to
∏
iA/mi.
Since every element of Σ is an isomorphism then for every σ the field A/m is
isomorphic to A/mσ.
Proposition 13. Let A be a difference ring and q be its difference ideal. The
ideal is pseudomaximal if and only if A/q is pseudofield. In other words every
simple difference ring is absolutely flat.
Proof. If A/q is a pseudofield then q is a maximal difference ideal and, hence,
pseudomaximal. Conversely, let q be pseudomaximal and m is a maximal ideal
containing q. Since q is a maximal difference ideal, then m is Σ-associated with
q. Hence, q = ∩σmσ. And it follows from [3, chapter 1, sec. 6, prop. 1.10] that
A/q =
∏
σ A/m
σ.
As we see a simple difference ring and a pseudofield are the same notions.
Note that the ring FA is a pseudofield if and only if A is a field. We shall intro-
duce the notion of difference closed pseudofield. Let A be a pseudofield. Con-
sider the ring of difference polynomials A{y1, . . . , yn}. Let E ⊆ A{y1, . . . , yn}
be an arbitrary subset. The set of all common zeros of E in An will be de-
noted by V (E). Conversely, let X ⊆ An be an arbitrary subset. The set of all
polynomials vanishing on X will be denoted by I(X). It is clear that for any
difference ideal a ⊆ A{y1, . . . , yn} we have r(a) ⊆ I(V (a)). A pseudofield A will
be said to be a difference closed pseudofield if for every n and every difference
ideal a ⊆ A{y1, . . . , yn} there is the equality r(a) = I(V (a)).
Proposition 14. If A is a difference closed pseudofield, then every difference
finitely generated over A pseudofield coincides with A.
Proof. Every difference finitely generated over A pseudofield can be presented
as A{y1, . . . , yn}/q, where q is a pseudomaximal ideal. It is easy to see that the
ideal q is of the form I(a) for some a ∈ An. Hence, q = [y1 − a1, . . . , yn − an].
Therefore, A{y1, . . . , yn}/q coincides with A.
Proposition 15. A pseudofield FK is difference closed if and only if K is
algebraically closed.
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Proof. Let FK be difference closed. We recall that K can be embedded into
FK as the subring of the constants. Consider the ring
R = FK{y}/(. . . , σy − y, . . .)σ∈Σ.
As a commutative ring it is isomorphic to FK[y]. Let f be a polynomial in
one variable with coefficients in K. The ideal (f(y)) is a nontrivial ideal in
FK[y]. Moreover, since f(y) is an invariant element, the mentioned ideal is
difference. Consequently, B = R/(f(y)) is a nontrivial difference ring. Let m
be a pseudomaximal ideal in B. Then the pseudofield B/m coincides with FK
because of the previous proposition. Denote the image of the element y in FK
by t. By the definition f(t) = 0 and t is invariant. Thus, t is in K. So, K is
algebraically closed.
Conversely, let K be an algebraically closed field. Let a be an arbitrary
difference ideal in FK{y1, . . . , yn}. Consider the algebra
B = FK{y1, . . . , yn}/a.
We shall show that for every element s ∈ B not belonging to the nilradical there
is a difference homomorphism f : B → FK over FK such that f(s) 6= 0. From
Proposition 6 it suffices to find a homomorphism ψ : B → K such that for some
σ the following diagram is commutative
B
ψ
''NN
NN
NN
N
FK
γσ //
OO
K
Indeed, consider the ring Bs and let n be a maximal ideal of Bs. Then Bs/n
is a finitely generated algebra over K and is a field. Therefore, Bs/n coincides
with K (see the Hilbert Nullstellensatz) and this quotient mapping gives us the
homomorphism ψ : B → K. Let m = FK ∩ n, then m coincides with the ideal
kerγσ for some σ ∈ Σ. So, the restriction of ψ onto FK coincides with γσ.
Proposition 16. Let A be a pseudofield. Suppose that every difference gen-
erated over A by one single element pseudofield coincides with A. Then the
Taylor homomorphism is an isomorphism between A and FK, where K = A/m
for every maximal ideal m of A.
Proof. Let m be a maximal ideal of A. Consider the field K = A/m and de-
fine the ring FK. It follows from Proposition 6 that there exists a difference
homomorphism Φ: A→ FK for the quotient homomorphism π : A→ K.
FK
γe

A
Φ
=={{{{{{{{ π // K
Since A is a simple difference ring Φ is injective. Let us show that Φ is
surjective. Assume that contrary holds and there is an element η ∈ FK \ A.
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Consider the ring A{y} = A[. . . , σy, . . .] and its quotient ring K[. . . , σy, . . .].
The ideal (. . . , σy− η(σ), . . .) is maximal in the latter ring. This ideal contracts
to the maximal ideal m′ in A{y}. It follows from Proposition 7 that the ideal
n = m′Σ is pseudomaximal. So, A{y}/n is a pseudofield difference generated
over A by one singly element. Thus, A{y}/n coincides with A. On the other
hand, the following is a homomorphism
ϕ : A{y}/n→ A{y}/m′ = K[. . . , σy, . . .]/(. . . , σy − η(σ), . . .) = K.
The restriction of this homomorphism to A coincides with the quotient ho-
momorphism π. Proposition 6 guaranties that there is a difference embedding
Ψ: A{y}/n→ FK. It follows from the uniqueness of the Taylor homomorphism
that the restriction of the last mapping to A coincides with Φ.
A{y}/n Ψ //
ϕ
$$I
II
II
II
II
FK
γe

A
π //
Id
OO
K
From the definition we have Ψ(y)(σ) = η(σ). Consequently, Ψ(y) = η and, thus,
the image of pseudofield A{y}/n contains η. Form the other hand the image
coincides with A, contradiction.
The following theorem is a corollary of the previous propositions.
Theorem 17. Let A be a pseudofield, then the following conditions are equiv-
alent:
1. A is difference closed.
2. Every difference finitely generated over A pseudofield coincides with A.
3. Every pseudofield generated over A by one single element coincides with
A.
4. The pseudofield A is isomorphic to FK, where K is an algebraically closed
field.
Proof. (1)⇒(2). It follows from Proposition 14.
(2)⇒(3). Is trivial.
(3)⇒(4). By Proposition 16, it follows that the ring A is isomorphic to FK.
We only need to show that K is algebraically closed (see Proposition 15). For
that we shall repeat the first half of the proof of Proposition 15.
We know that every pseudofield difference generated by one single element
over FK coincides with FK. Let us recall that K can be embedded into FK
as the subring of the constants. Consider the ring
R = FK{y}/(. . . , σy − y, . . .)σ∈Σ.
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As a commutative ring it is isomorphic to FK[y]. Let f be a polynomial in one
variable with coefficients in K. The ideal (f(y)) is a nontrivial ideal in FK[y].
Moreover, since f(y) is an invariant element the mentioned ideal is difference.
Let m be a pseudomaximal ideal in B, then the pseudofield B/m coincides with
FK. The image of y in FK will be denoted by t. By the definition we have
f(t) = 0 and t is an invariant element. Thus, t is in K. Therefore, the field K
is algebraically closed.
(4)⇒(1). It follows from Proposition 15
Example 18. Consider the field of complex numbers C and its automorphism σ
(the complex conjugation). This pair can be regarded as a difference ring with a
group Σ = Z/2Z. Let C[x] be the ring of polynomials over C and automorphism
σ is acting as follows σ(f(x)) = f(−x). Then the ideal (x2 − 1) is a difference
ideal. Consider the ring A = C[x]/(x2 − 1). As a commutative ring it can be
presented as follows
C[x]/(x2 − 1) = C[x]/(x− 1)× C[x]/(x+ 1) = C× C.
Under this mapping an element c ∈ C maps to (c, c) and x maps to (1,−1). The
automorphism acts as follows (a, b) 7→ (b, a). Consider the projection of A onto
its first factor. For this homomorphism there is the Taylor homomorphism A→
FC. As a commutative ring the ring FC coincides with C×C. Automorphism
acts as follows (a, b) 7→ (b, a). The Taylor homomorphism is defined by the
following rule a+ bx 7→ (a+ b, a− b).
Now we have two homomorphisms: the first one is f : A → C × C and is
defined by the rule
a+ bx 7→ (a+ b, a− b)
and the second one is g : A→ C× C and is defined by the rule
a+ bx 7→ (a+ b, a− b).
Then composition g ◦ f−1 acts as follows (a, b) 7→ (a, b).
So, pseudofield A is difference closed. Moreover, the homomorphism g ◦ f−1
transforms the initial action of σ into more simple one.
Let A be a pseudofield and m is its maximal ideal. Then the residue field of
m will be denoted by K, i. e., K = A/m. Let L be the algebraical closure of K.
The pseudofield FL will be denoted by A. Let ϕ : A→ L be the composition of
the quotient morphism and the natural embedding of K to L. Let Φ: A → A
be the Taylor homomorphism corresponding to ϕ. We know that A is difference
closed. Let us show that A is a minimal difference closed pseudofield containing
A.
Proposition 19. Let D be a difference closed pseudofield such that A ⊆ D ⊆ A.
Then D = A.
Proof. Consider the sequence of rings A ⊆ D ⊆ A. Let m be a maximal ideal
of A. Then we have the following sequence of fields
A/A ∩m ⊆ D/D ∩m ⊆ A/m.
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Since D is difference closed, it follows from Theorem 17 that the field D/D∩m
coincides with L = A/m. Now consider the composition of D → D/D ∩m and
D/D∩m→ L and let Ψ: D → L be the corresponding Taylor homomorphism. It
follows from the uniqueness of the Taylor homomorphism that Ψ coincides with
the initial embedding of D to A. So, D satisfies the condition of Proposition 16.
Proposition 20. Let B be a difference closed pseudofield containing A. Then
there exists an embedding of A to B over A.
Proof. On the following diagram arrows present the embeddings of A to A and
to B respectively:
A B
A
ddJJJJ
99tttt
Let m be a maximal ideal in B. Then it contracts to a maximal ideal mc in
A. Since A is an absolutely flat ring there exists an ideal n in A contracting to
mc (see [3, chapter 3, ex. 29, ex. 30]). So, we have
A/n B

A/mc
eeKKKKK
// B/m
By the definition the field A/n is the algebraic closure of A/mc and B/m is
algebraically closed (Theorem 17). Therefore, there exists an embedding of A/n
to B/m.
A

B

A/n
))
A/mcoo // B/m
So, there is a homomorphism A → B/m. Then Proposition 6 guaranties
that there is a difference homomorphism ϕ such that the following diagram is
commutative
A
 ''
ϕ // B

A/n
))
A/mcoo // B/m
The restriction of ϕ onto A coincides with the Taylor homomorphism for the
mapping A → B/m. It follows from the uniqueness that the Taylor homomor-
phism coincides with the initial embedding of A to B.
Example 21. Let Σ = Z/2Z and σ = 1 be a nonzero element of Σ. Consider the
field C(t), where t is a transcendental element over C. We assume that action
of Σ is trivial on C(t). Consider the following system of difference equations{
σx = −x,
x2 = t.
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Let L be the algebraical closure of the field C(t). Then the difference closure
of C(t) coincides with FL. From the definition we have FL = L×L, where the
first factor corresponds to 0 and the second one to 1 in Z/2Z. Then our system
has the two solutions (
√
t,−√t) and (−√t,√t).
Moreover, we are able to construct the field containing the solutions of this
system. Consider the ring of polynomials C(t)[x], where σx = −x. Then the
ideal (x2 − t) is a maximal difference ideal. Define
D = C(t)[x]/(x2 − t).
By the definition D is a minimal field containing solutions of the system.
From the other hand, Proposition 6 guaranties that D can be embedded into
the difference closure of C(t).
Example 22. Consider a ring A = C× C and a group Σ = Z/4Z. Let σ = 1 be
a generator of Σ. Let Σ act on A by the following rule σ(a, b) = (b, a). Then σ
is an automorphism of fourth order. Consider the projection of A onto the first
factor. Then there exists a homomorphism Φ: A→ FC such that the following
diagram is commutative
FC
γe

A
π //
Φ
=={{{{{{{{
C
where π is the projection onto the first factor of A.
The pseudofield FC is of the following form C0 × C1 × C2 × C3, where Ci
is a field C over the point i of Σ. Using this notation, the homomorphism
γe coincides with the projection onto the first factor. The element σ acts on
FC by the right transaction. The Taylor homomorphism is defined by the rule
(a, b) 7→ (a, b, a, b).
Consider the embedding of C into A by the rule c 7→ (c, c) and the embedding
into FC by the rule (c, c, c, c). These both embeddings induce the structure of
a C-algebra. Since dimensions of A and FC equal 2 and 4, respectively, FC is
generated by one single element over A. We shall find this element explicitly.
Consider the element x = (i, i, i, i) of FA. This element does not belong to A,
therefore, FC = A{x}. We have the following relations on the element x: σx =
x and x2+1 = 0. Comparing the dimensions, we get FC = A{y}/[σx−x, x2+1].
Example 23. Let C be the field of complex numbers considered as a difference
ring over Σ = Z/2Z and let σ = 1 be the nonzero element of the group. Then
the system of equations {
xσx = 0,
x+ σx = 1
has no solutions in every difference overfield containing C. But the ideal
[xσx, x + σx− 1]
of the ring C{x} is not trivial. Therefore, the system has solutions in the
difference closure of C. The closure coincides with FC. Namely, FC = C× C,
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where the first factor corresponds to zero and the second one to the element σ.
Then the solutions are (1, 0) and (0, 1).
Example 24. Let U be an open subset in the complex plane C and let Σ be a
finite group of automorphisms of U . The ring of all holomorphic functions in U
will be denoted by A. Then A is a Σ-algebra with respect to the action
(σϕ)(z) = ϕ(σ−1z).
The difference closure of C is FC. Consider an arbitrary point x ∈ U , then there
is a substitution homomorphism ψx : A→ C such that f 7→ f(x). Proposition 6
says that there exists the corresponding Taylor homomorphism Ψx : A→ FC.
Let us show the geometrical sense of this mapping. Consider the orbit of the
point x and denote it by Σx. Then there is a natural mapping Σ→ Σx by σ 7→
σx. Then for every function ϕ ∈ A the composition of Σ→ Σx and ϕ|Σx : Σx→
C coincides with the mapping Ψx(ϕ). So, the Taylor homomorphism Ψx is just
the restriction onto the orbit of the given element x.
Proposition 25. Let A be a pseudofield. Then the following conditions are
equivalent:
1. A is difference closed
2. For every n and every set E ⊆ A{y1, . . . , yn} if there is a common zero for
E in Bn, where B is a pseudofield containing A, then there is a common
zero in An.
3. For every n, every set E ⊆ A{y1, . . . , yn} and every finite set W ⊆
A{y1, . . . , yn} if there is a common zero b for E in Bn, where B is a
pseudofield containing A, such that no element of W vanishes on b, then
there is a common zero for E in An such that no element of W vanishes
on it.
Proof. (1)⇒(3). First of all we shall reduce the problem to the case |W | = 1.
Let b = (b1, . . . , bn) ∈ Bn be the desired common zero. The pseudofield B can
be embedded into its difference closure B. As we know B coincides with a finite
product of fields. Consider substitution homomorphism
A{y1, . . . , yn} → B → B
The composition of these two mappings we shall define by φ. For every element
wi ∈ W we have φ(wi) 6= 0. Thus for some σi we have φ(wi)(σi) 6= 0. By the
definition of Σ-action on B, it follows that there is an element τi ∈ Σ such that
φ(τiwi)(e) 6= 0. (Actually, we know that τi = σ−1i .) So,
φ
(
n∏
i=1
τiwi
)
(e) 6= 0.
Consider the polynomial w =
∏n
i=1 τiwi. It follows from the definition that
φ(w) 6= 0. Moreover, the ring (A{y1, . . . , yn}/[E])w is not a zero ring.
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Since A is difference closed then it is of the form A = FK, where K is
algebraically closed. And there are homomorphisms γσ : A → K. Consider
an arbitrary maximal ideal n in D = (A{y1, . . . , yn}/[E])w and let m be its
contraction to A. Then the field D/n is a finitely generated algebra over A/m.
For the ideal m there is a homomorphism γσ such that m = ker γσ. So, we have
A/m = K. Since K is algebraically closed, there is an embedding D → K. So,
we have the following commutative diagram
A{y1, . . . , yn}

φ
''PP
PP
PP
PPP
PP
P
(A{y1, . . . , yn}/[E])w // K
such that φ|A = γσ. By Proposition 6, it follows that there exists a differ-
ence homomorphism ϕ : A{y1, . . . , yn} → A such that the following diagram is
commutative
A{y1, . . . , yn}

φ
''PP
PP
PPP
PP
PP
P
ϕ // A
γσ

(A{y1, . . . , yn}/[E])w // K
So, ϕ is a difference homomorphism over A. The images of yi give us the desired
common zero in An.
(3)⇒(2). Is trivial.
(2)⇒(1). Let us show that every pseudofield difference finitely generated
over A coincides with A. Let B be a pseudofield difference finitely generated
over A. Then it can be presented in the following form
B = A{y1, . . . , yn}/m,
where m is a pseudomaximal ideal. Then this ideal has a common zero in Bn,
(y1, . . . , yn) say. Consequently, there is a common zero
(a1, . . . , an) ∈ An.
Consider a substitution homomorphism A{y1, . . . , yn} → A by the rule yi 7→ ai.
Then all elements of m maps to zero. So, there is a difference homomorphism
B → A. Thus, B coincides with A.
Proposition 26. Let A be a difference pseudofield with the residue field K and
let A[Σ] be the ring of difference operators on A. Then the ring of difference
operators is completely reducible and there is a decomposition
A[Σ] = A⊕A⊕ . . .⊕A,
where the number of summands is equal to size of the group Σ. Moreover, we
have
A[Σ] =Mn(K),
where n = |Σ|
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Proof. Let us define the following module
Aτ = {
∑
σ
aσδσστ },
where δσ is the indicator of the point σ. Using the fact that A = FK, we see
that
A[Σ] = ⊕
σ∈Σ
Aσ.
And moreover, every module Aσ is isomorphic to A as a difference module. It
follows from the equality
A[Σ] = HomA[Σ](A[Σ], A[Σ]) =Mn(HomA[Σ](A,A))
that A[Σ] =Mn(K).
Remark 27. It follows from the previous proposition that every difference mod-
ule over a difference closed pseudofield is free. Moreover, for every such module
there is a basis consisting of Σ-invariant elements.
4.4 difference finitely generated algebras
The section is devoted to different technical conditions on difference finitely
generated algebras.
Lemma 28. Let A be a ring with finitely many minimal prime ideals. Then
there exists an element s ∈ A such that there is only one minimal prime ideal
in As.
Proof. Let p1, . . . , pn be all minimal prime ideal of A. Then it follows from [3,
chapter 1, sec. 6, prop. 1.11(II)] that there exists an element s such that
s ∈
n⋂
i=2
pi \ p1.
Then there is only one minimal prime ideal in As and this ideal corresponds to
p1.
Lemma 29. Let A ⊆ B be rings such that A is an integral domain and B is
finitely generated over A. Then there exists an element s ∈ A with the following
property. For any algebraically closed field L every homomorphism As → L can
be extended to a homomorphism Bs → L.
Proof. Let S = A \ 0, consider the ring S−1B. This ring is a finitely generated
algebra over the field S−1A. Then there are finitely many minimal prime ideals
in S−1B. These ideals correspond to the ideals in B contracting to 0. Let
p be one of them. Consider the rings A ⊆ B/p. It follows from [3, chapter 5,
ex. 21] that there exists an element s ∈ A with the following property. For every
algebraically closed field L every homomorphism As → L can be extended to
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a homomorphism (B/p)s → L. Considering the composition of the last one
with Bs → (B/p)s, we extend the initial homomorphism to the homomorphism
Bs → L.
Lemma 30. Let A ⊆ B be rings such that A is an integral domain and B is
finitely generated over A. Then there exists an element s ∈ A such that the
corresponding mapping SpecBs → SpecAs is surjective.
Proof. From the previous lemma we find an element s. Let p be a prime ideal
in A not containing s. The residue field of p will be denoted by K. Let L
denote the algebraic closure of K. The composition of the mappings A → K
and K → L will be denoted by ϕ : A→ L. By the definition we have ϕ(s) 6= 0.
Consequently, there exists a homomorphism ϕ : B → L extending ϕ. Then kerϕ
is the desired ideal laying over p.
We shall give two proves of the following proposition.
Proposition 31. Let A ⊆ B be difference rings, B being difference finitely
generated over A, and there are only finitely many minimal prime ideals in A.
Then there exists a nonnilpotent element u in A with the following property.
For every difference closed pseudofield Ω and every difference homomorphism
ϕ : A→ Ω such that ϕ(u) 6= 0 there exists a difference homomorphism ϕ : B → Ω
with the condition ϕ|A = ϕ.
First proof. It follows from Theorem 17 that Ω is of the following form FL,
where L is an algebraically closed field. Let γσ : Ω → L be the corresponding
substitution homomorphisms.
We shall reduce the theorem to the case where A and B are reduced. Let us
assume that we have proved the theorem for rings without nilpotent elements.
Let a and b be the nilradicals of A and B, respectively. Let s′ ∈ A/a be
the desired element, denote by s some preimage of s′ in A. Let ϕ : A → Ω
be a difference homomorphism with condition ϕ(s) 6= 0. Since Ω does not
contain nilpotent elements, a is in the kernel of ϕ. Consequently, there exists a
homomorphism ϕ′ : A/a→ Ω.
A //

ϕ
{{vv
vv
v
B

Ω A/a //
ϕ′oo B/b
Since ϕ(s′) = ϕ(s) 6= 0, then it follows from our hypothesis that there is a
difference homomorphism ϕ′ : B/b→ Ω.
A //

ϕ
{{vv
vv
v
B

Ω A/a //
ϕ′oo B/b
ϕ′
ff
Then the desired homomorphism ϕ : B → Ω is the composition of the quotient
homomorphism and ϕ′.
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Now we suppose that the nilradicals of A and B are zero. By Lemma 28,
it follows that there exists an element s ∈ A such that As contains only one
minimal prime ideal. Since A has no nilpotent elements, As is an integral
domain. Let us apply Lemma 29 to the pair As ⊆ Bs. So, there exists an
element t ∈ A such that for any algebraically closed field L every homomorphism
of Ast → L can be extended to a homomorphism Bst → L. Denote the element
st by u. Let us show that the desired property holds. Let ϕ : A → Ω be
a difference homomorphism such that ϕ(u) 6= 0. Then for some σ we have
γσ ◦ ϕ(u) 6= 0. So, there is a homomorphism ϕσ : A → L such that ϕσ(u) 6= 0.
We shall extend ϕσ to a homomorphism B → L as it shown in the following
diagram (numbers show the order).
Au // Bu Au
1
  B
BB
B
// Bu Au
1
  B
BB
B
// Bu
2
~~|||
|
L // L // L
A
OO
ϕ //
ϕσ =={{{{
Ω
γσaaCCCC
A
OO
ϕ //
ϕσ =={{{{
Ω
γσaaCCCC
A
OO
ϕ //
ϕσ =={{{{
Ω
γσaaCCCC
The homomorphism 1 appears from the condition ϕσ(u) 6= 0 and the uni-
versal property of localization. The homomorphism 2 exists because of the
definition of u.
Au
1
  B
BB
B
// Bu
2
~~|||
|
Boo
3
vvmmm
mmm
mmm
Au
1
  B
BB
B
// Bu
2
~~|||
|
Boo
3
vvmmm
mmm
mmm
ϕ







L // L
A
OO
ϕ //
ϕσ =={{{{
Ω
γσaaCCCC
A
OO
ϕ //
ϕσ =={{{{
Ω
γσaaCCCC
The homomorphism 3 is constructed as a composition. Then from Proposition 6
there exists a difference homomorphism ϕ. Since the diagram is commutative,
it follows from the uniqueness of the Taylor homomorphism for A that the
restriction of ϕ onto A coincides with ϕ.
Second proof. We shall derive this proposition from Proposition 10. Since B
is finitely generated over A then there exists an element s in A such that the
corresponding mapping
SpecBs → SpecAs
is surjective. Then it follows from Proposition 10 (1) that the mapping
(PSpecB)s → (PSpecA)s
is surjective.
Let Ω be an arbitrary difference closed pseudofield and ϕ : A → Ω is a
difference homomorphism such that ϕ(s) 6= 0. The kernel of ϕ will be denoted
by p and we have s /∈ p. Therefore, there is a pseudoprime ideal q ⊆ B such
that qc = p and s /∈ q. Consider the following ring
R = B/q ⊗
A/p
Ω.
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It follows from the definition that R is difference finitely generated over Ω. Let
m be an arbitrary maximal difference ideal of R. Since Ω is difference closed,
the quotient ring R/m coincides with Ω. Now we have the following diagram
B // B/q
((RR
RRR
RR
A //
OO
A/p
88qqqqqq
''NN
NN
NN
N
B/q⊗A/pΩ // R/m = Ω
Ω
55kkkkkkkk
The composition of upper arrows gives us the desired homomorphism from B
to Ω.
There are two important particular cases of this proposition.
Corollary 32. Let A ⊆ B be difference rings, B being difference finitely gen-
erated over A, and A is a pseudo integral domain. Then there exists a non
nilpotent element u in A with the following property. For every difference closed
pseudofield Ω and every difference homomorphism ϕ : A→ Ω such that ϕ(u) 6= 0
there exists a difference homomorphism ϕ : B → Ω with condition ϕ|A = ϕ.
Proof. Since A is a pseudo integral domain there are finitely many minimal
prime ideals in A. Indeed, let p be a minimal prime ideal. Then it is Σ-
associated with zero ideal. So, ∩σpσ = 0. Let q be an arbitrary minimal prime
ideal of A. Then ∩σpσ = 0 ⊆ q. Therefore, for some σ we have pσ ⊆ q. But q
is a minimal prime ideal, hence, pσ = q. So, pσ are all minimal prime ideals of
A. Now the result follows from the previous theorem.
Corollary 33. Let A ⊆ B be difference rings, B being difference finitely gener-
ated over A, and A is a difference finitely generated algebra over a pseudofield.
Then there exists a non nilpotent element u in A with the following property.
For every difference closed pseudofield Ω and every difference homomorphism
ϕ : A→ Ω such that ϕ(u) 6= 0 there exists a difference homomorphism ϕ : B → Ω
with condition ϕ|A = ϕ.
Proof. Every pseudofield is an Artin ring and, thus, is Noetherian. If A is
difference finitely generated over a pseudofield, then A is finitely generated over
it. Hence, A is Noetherian. Consequently, there are finitely many minimal
prime ideals in A. Now the result follows from the previous theorem.
Proposition 34. Let K be a pseudofield and L be its difference closure. Con-
sider an arbitrary difference finitely generated algebra A over K and a non
nilpotent element u ∈ A. Then there is a difference homomorphism ϕ : A → L
such that ϕ(u) 6= 0.
Proof. As we know L = F(F ) for some algebraically closed field F and there are
homomorphisms γσ : L→ F . Then we have the compositions πσ : K → L→ F .
As we can see every maximal ideal of K can be presented as kerπσ for an
appropriate element σ. So, every factor field of K can be embedded into F .
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Since u is not a nilpotent element then the algebra Au is not a zero ring.
Consider an arbitrary maximal ideal n in Au. Let m denote its contraction to
K. Then (A/n)u is a finitely generated field over K/m. The field K/m can be
embedded into F by some mapping πσ. Since F is algebraically closed, there is
a mapping φσ : (A/n)u → F such that the following diagram is commutative
(A/n)u
φσ
##F
FF
FF
F
K/m
πσ //
OO
F
By Proposition 6, it follows that there exists a mapping ϕ : A → L such that
the following diagram is commutative
(A/n)u
φσ
))RR
RRR
RRR
RRR
RRR
RRR
Aπ
oo ϕ // L
γσ

K/m
πσ //
ddHHHHHHHHH
F
where π : A → (A/n)u is a natural mapping. Since φσ ◦ π(u) 6= 0, we have
ϕ(u) 6= 0.
The next technical condition is concerned with extensions of pseudoprime
ideals.
Proposition 35. Let A ⊆ B be difference rings, B being difference finitely
generated over A, and there are finitely many minimal prime ideals in A. Then
there exists an element u in A such that the mapping
(PSpecB)u → (PSpecA)u
is surjective.
Proof. We may suppose that the nilradicals of the rings are zero. By Lemma 28,
it follows that there exists an element s ∈ A such that As is an integral domain.
Further, as in Lemma 29 there is an element t such that Bst is integral over
Ast[x1, . . . , xn] and the elements x1, . . . , xn are algebraically independent over
Ast. Let u = st. By Theorem [3, chapter 5, th. 5.10], it follows that the mapping
SpecBu → SpecAu[x1, . . . , xn] is surjective. It is clear that the mapping
SpecAu[x1, . . . , xn]→ SpecAu
is surjective too. So, from Proposition 10 the mapping
(PSpecB)u → (PSpecA)u
is surjective.
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Proposition 36. Let A ⊆ B be difference finitely generated algebras over a
pseudofield. Then there exists an element u in A such that the mapping
(PMaxB)u → (PMaxA)u
is surjective.
Proof. Since the algebra A is difference finitely generated over a pseudofield A
is Noetherian. Consequently, there are finitely many minimal prime ideals in
A. Following the proof of the previous proposition, we are finding the element
u such that the mapping SpecBu → SpecAu is surjective. Since Au and Bu
are finitely generated over an Artin ring, the contraction of any maximal ideal
is a maximal ideal. So, the mapping MaxBu → MaxAu is well-defined and
surjective. Then Proposition 7 (2) completes the proof.
4.5 Geometry
In this section we develop a geometric theory of difference equations with solu-
tions in pseudofields. This theory is quite similar to the theory of polynomial
equations.
Let A be a difference closed pseudofield. The ring of difference polynomials
A{y1, . . . , yn} will be denoted by Rn. For every subset E ⊆ Rn we shall define
the subset V (E) of An as follows
V (E) = { a ∈ An | ∀f ∈ E : f(a) = 0 }.
This set will be called a pseudovariety. Conversely, let X be an arbitrary subset
in An, then we set
I(X) = { f ∈ Rn | f |X = 0 }.
This ideal is called the ideal of definition of X . Let now HomΣA(Rn, A) denote
the set of all difference homomorphisms from Rn to A over A. Consider the
mapping
ϕ : An → HomΣA(Rn, A)
by the rule: every point a = (a1, . . . , an) maps to a homomorphism ξa such that
ξa(f) = f(a). The mapping
ψ : HomΣA(Rn, A)→ PMaxA
by the rule ξ 7→ ker ξ will be denoted by ψ. So, we have the following sequence
An
ϕ−→ HomΣA(Rn, A)
ψ−→ PMaxA.
Proposition 37. The mappings ϕ and ψ are bijections
Proof. The inverse mapping for ϕ is given by the rule
ξ 7→ (ξ(y1), . . . , ξ(yn)).
Since A is difference closed, for every homomorphism ξ : Rn → A its kernel is
of the form ker ξ = [y1 − a1, . . . , yn − an], where ai = ξ(yi). So, the mapping ψ
injective and surjective.
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It is clear that under the mapping ψ ◦ ϕ the set V (E) of An maps to the
set V (E) of PMaxRn. So, the sets V (E) define a topology on A
n and the
mentioned mapping is a homeomorphism. Therefore, we can identify pseudo-
maximal spectrum of Rn with an affine space A
n. Let a be a difference ideal
in Rn. Then the set Hom
Σ
A(Rn/a, A) can be identified with the set of all ho-
momorphisms of HomΣA(Rn, A) mapping a to zero. In other words, there is a
homeomorphism between V (a) and PMaxRn/a.
Corollary 38. The mappings ϕ and ψ are homeomorphisms.
Theorem 39. Let a be a difference ideal in Rn. Then r(a) = I(V (a)).
Proof. Since A is an Artin ring, A is a Jacobson ring. Rn is finitely generated
over A, consequently, Rn is a Jacobson ring too. Therefore, every radical ideal
in Rn can be presented as an intersection of maximal ideals. Hence, every
radical difference ideal can be presented as an intersection of pseudomaximal
ideals (Proposition 7 item (2)). Now we are useing the correspondence between
points of V (a) and pseudomaximal ideals (Proposition 37).
4.6 Regular functions and a structure sheaf
Let X ⊆ An be a pseudovariety over a difference closed pseudofield A and let
I(X) be its ideal of definition in the ring Rn = A{y1, . . . , yn}. Then the ring
Rn/I(X) can be identified with the ring of polynomial functions on X and will
be denoted by A{X}.
Let f : X → A be a function. We shall say that f is regular at x ∈ X if there
are an open neighborhood U containing x and elements h, g ∈ A{x1, . . . , xn}
such that for every element y ∈ U g(y) is invertible and f(y) = h(y)/g(y). The
condition on g can be stated as follows: for each element y ∈ U the value g(y)
is not a zero divisor. For any subset Y in X a function is said to be regular
on Y if it is regular at each point of Y . The set of all regular functions on an
open subset U of X will be denoted by OX(U). Since the definition of a regular
function arises from a local condition the set of the rings OX form a sheaf. This
sheaf will be called a structure sheaf on X . This definition naturally generalizes
the usual one in algebraic geometry. It follows from the definition that there
is the inclusion A{X} ⊆ OX(X). The very important fact is that the other
inclusion is also true.
Theorem 40. For an arbitrary pseudovariety X there is the equality
A{X} = OX(X).
Proof. Let f be a regular function on X . It follows from the definitions of a
regular function that for each point x ∈ X there exist a neighborhood Ux and
elements hx, gx ∈ A{X} such that for every element y ∈ Ux gx(y) is invertible
and
f(y) = hx(y)/gx(y).
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Replacing hx and gx by hxgx and g
2
x, respectively, we can suppose that the
condition gx(y) = 0 implies hx(y) = 0. The element
∏
σ σ(gx) is Σ-constant.
So, we replace hx and gx by
hx
∏
σ 6=e
σ(gx) and
∏
σ
σ(gx).
Hence, we can suppose that each gx is Σ-constant.
The family {Ux} covers X and X is compact. So, there is a finite subfamily
such that
X = Ux1 ∪ . . . ∪ Uxm .
For every Σ-constant element s the set Xs coincides with the set of all points
where s is invertible. Therefore, we have Ux ⊆ Xgx . Hence, Xgxi cover X and,
thus, (gx1 , . . . , gxm) = (1). So, we have
1 = d1gx1 + . . .+ dmgxm .
Now observe that hxgx′ = hx′gx, where x and x
′ are among xi. Indeed, if
gx(y) = 0 or gx′(y) = 0
then the other part of the equality is zero. If both gx and gx′ are not zero
then the condition holds because they define the same functions on intersection
Xgx ∩Xgx′ . Now set d =
∑
i dihxi . We claim that f = d. Indeed,
dgxj =
∑
dihxigxj =
∑
dihxjgxi = hxj.
The given definition of a structure sheaf comes from algebraic geometry.
Roughly speaking, we use inverse operation to produce a rational function.
When we deal with a field we know that inverse operation is defined for every
nonzero element. In the case of pseudofields we have a similar operation. Indeed,
for every nonzero element a of an arbitrary absolutely flat ring there exist unique
elements e and a∗ with relations
a = ea, a∗ = ea∗, e = aa∗.
A formal definition of these elements is the following. For every element a of an
absolutely flat ring A there is an element x ∈ A such that a = xa2. Then set
e = ax and a∗ = ax2. These elements can be described as follows. The element
a can be considered as a function on the spectrum of A. Then the element e can
be defined as a function that equals 1 where a is not zero and equals zero, where
a is zero. In other words, e is the indicator of the support of a. So, the element
a∗ is equal to the inverse element where a is not zero and zero otherwise.
Now we shall define the second structure sheaf. But we will see that this
new sheaf coincides with the sheaf above. Let X ⊆ An be a pseudovariety over
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a difference closed pseudofield A. Consider an arbitrary function f : X → A.
We shall say that f is pseudoregular at a given point x ∈ X if there exist a
neighborhood U containing x and elements h, g ∈ A{x1, . . . , xn} such that for
every y ∈ U the element g(y) is not zero and f(y) = h(y)(g(y))∗. The function
pseudoregular at each point of the subset Y is called pseudoregular on Y . The
set of all pseudoregular functions on an open set U will be denoted by O′X . Let
us note that there is a natural mapping OX → O′X . Actually, the sheaf OX is
a subsheaf of O′X . Let us show that both sheaves coincide to each other.
Theorem 41. Under the above assumptions, we have
OX = O′X .
Proof. Let f be a pseudoregular function defined on some open subset of X
and let x be an arbitrary point, where f is defined. Then it follows from the
definition of pseudoregular function that there are neighborhood U of x and
elements h, g ∈ A{X} such that for every point y ∈ U g(y) is not zero and
f(y) = h(y)(g(y))∗.
Let e be an idempotent of A corresponding to g(x). Then in some smaller
neighborhood (we should intersect U with Xeg) f is given by the equality
f(y) = eh(y)(eg(y))∗.
Let us set g′(y) = 1 − e+ eg(y). So, the value g′(x) is invertible in A. Now we
consider the functions
h0 = eh
∏
σ 6=e
σ(g′) and g0 =
∏
σ
σ(g′).
So, g0 is a Σ-constant element. Therefore, g0(y) is invertible for every y ∈ Xg0 .
The set Xg0 contains x because g
′(x) is invertible. Additionally, we have
eh(y)(eg(y))∗ = h0(y)/g0(y)
for all y ∈ U ∩ Xg0 . Therefore, if a function f is pseudoregular at x it is also
regular at x.
So, as we can see the new method of constructing structure sheaf gives us
the same result.
Let X ⊆ An and Y ⊆ Am be pseudovarieties over a difference closed pseud-
ofield A. A mapping f : X → Y will be called regular if its coordinate functions
are regular. By Theorem 40, it follows that the set of all regular functions on
X coincides with the set of polynomial functions and, therefore, every regular
mapping from X to Y coincides with a polynomial mapping.
Let a mapping f : X → Y be a regular one. So, all functions fi(x1, . . . , xn)
are difference polynomials. For every such f : X → Y there is a difference
homomorphism f∗ : A{Y } → A{X} by the rule f∗(ξ) = ξ ◦ f .
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Conversely, for every difference homomorphism ϕ : A{Y } → A{X} over A
we shall define
ϕ∗ : HomΣA(A{X}, A)→ HomΣA(A{Y }, A)
by the rule ϕ∗(ξ) = ξ◦ϕ. Let us recall that the pseudovarietyX can be identified
with HomΣA(A{X}, A). Then we have the mapping
ϕ∗ : X → Y.
Proposition 42. The constructed mappings are inverse to each other bijections
between the set of all regular mappings from X to Y and the set of all difference
homomorphisms from A{Y } to A{X}.
Proof. If f : An → Am is a polynomial mapping then f(X) ⊆ Y iff f∗(I(Y )) ⊆
I(X). Since
A{X} = A{y1, . . . , yn}/I(X)
and
A{Y } = A{y1, . . . , ym}/I(Y )
then the set of all
g : A{y1, . . . , ym} → A{y1, . . . , yn}
with condition g(I(Y )) ⊆ I(X) corresponds to the set of all g¯ : A{Y } → A{X}.
4.7 Geometry continuation
Here we shall continue investigation of some geometric properties of pseudova-
rieties and their morphisms.
Since every pseudofield is an Artin ring and a difference finitely generated
algebra over a pseudofield is finitely generated, then every algebra difference
finitely generated over a pseudofield is Noetherian. So, we have the following.
Proposition 43. Every pseudovariety is a Noetherian topological space.
The following propositions are devoted to the geometric properties of regular
mappings.
Proposition 44. Let f : X → Y be a regular mapping with the dense image
and let Y be irreducible. Then the image of f contains an open subset.
Proof. Let A{X} and A{Y } be coordinate rings of the pseudovarieties. Then
the mapping f gives us the mapping
f∗ : A{Y } → A{X}.
Since the image of f is dense, the homomorphism f∗ is injective. By Proposi-
tion 36, it follows that there exists an element s ∈ A{Y } such that the mapping
PMaxA{X}s → PMaxA{Y }s is surjective. But from Proposition 37 the last
mapping coincides with f : Xs → Ys. Since Y is irreducible, every open subset
is dense.
33
Proposition 45. Let f : X → Y be a regular mapping. Then f is constructible.
Proof. Let A{X} and A{Y } be denoted by B and D, respectively. Then we
have the corresponding difference homomorphism f∗ : D → B. We identify
pseudovarieties X and Y with pseudomaximal spectra of the rings B and D,
respectively.
Let E be a constructible subset in X , then it has the form
E = U1 ∩ V1 ∪ . . . ∪ Un ∩ Vn,
where Ui are open and Vi are closed. Since the image of mapping preserves a
union of sets then we can suppose that E = U ∩ V , where U is open and V is
irreducible and closed. Let V be of the form V = V (p), where p is a pseudoprime
ideal of B. Taking a quotient by p we reduce to the case where E is open in X
and X is irreducible.
Now we are going to show that f(E) is constructible in Y . To do this we
shall use a criterion [3, chapter 7, ex. 21]. Let X0 be an irreducible subset in Y
such that f(E) is dense in X0. Here we must show that the image of E contains
an open subset in X0. Then X0 is of the form V (p), where p is a pseudoprime
ideal in D. The preimage of X0 under f is of the form V (p
e), where pe is the
extension of p to B. The closed set V (pe) can be presented as follows
V (pe) = V (q1) ∪ . . . ∪ V (qm),
where qi are pseudoprime ideals of B. Therefore, the set E has the following
decomposition
E = U ∩ V (q1) ∪ . . . ∪ U ∩ V (qm).
Considering quotient by p and pe we reduce the problem to the case D is a
pseudodomain and Y = X0. Now the image of E is of the form
f(E) = f(V (q1) ∩ U) ∪ . . . ∪ f(V (qm) ∩ U).
Since f(E) is dense in Y and Y is irreducible then there exists an i such that
f(V (qi)∩U) is dense in Y . Replacing B by B/qi we can suppose that D ⊆ B, B
is pseudodomain and E = U is open. Every open subset is a union of principal
open subsets, and since X is a Noetherian topological space this union is finite.
Therefore, we can suppose that E = Xs and we need to prove that f(E) contains
open subset in Y .
In order to show the last claim we shall prove that there is a nonzero element
t ∈ D such that the mapping MaxBst → MaxDt is surjective. Then our
proposition follows from Proposition 7 (2). First of all we note that every
minimal prime ideal of B is Σ-associated with the zero ideal. Since D is a
subring of B then the contraction of every Σ-associated with zero prime ideal
is Σ-associated with zero prime ideal in D. So, every minimal prime ideal of
B contracts to a minimal prime ideal of D. Now there exists a minimal prime
ideal q of B such that s /∈ q. The contraction of q to D will be denoted by p. Let
p1, . . . , pn be the set of all minimal prime ideals of D, where p = p1. Then there
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is an element t ∈ D such that t ∈ ⋃ni=2 pi\p1. So, we have the inclusionDt ⊆ Bt.
Moreover, the element t was constructed such that Dt = (D/p)t. Therefore, the
composition of embedding Dt → Bt and localization Bt → Bst is injective.
So, Bst is a finitely generated algebra over an integral domain Dt. Therefore,
there exists an element u ∈ Dt such that the mapping MaxBstu → MaxDtu is
surjective. Denoting the element tu by t we complete the proof.
Proposition 46. Let f : Y → X be a regular mapping with the dense image.
Then there exists an element u ∈ A{X} such that the mapping f : Yf∗(u) → Xu
is open.
Proof. Let the rings A{X} and A{Y } be denoted by C and D, respectively.
Since the image of f is dense, f∗ : C → D is injective. So, C can be identified
with the subring in D. By Lemma 28, it follows that there exists an element
s ∈ C such that Cs is an integral domain and Cs ⊆ Ds. Since Cs is an integral
domain and Ds is finitely generated over Cs, there exists an element t ∈ C such
that Dst is a free Cst-module (see [9, chapter 8, sec. 22, th. 52]). Let us denote st
by u. Then Du is a faithfully flat algebra over Cu, thus, by [3, chapter 3, ex. 16]
and [3, chapter 5, ex. 11] the corresponding mapping SpecDu → SpecCu has the
going-down property and surjective. Proposition 10 (1) and (3) guaranties that
the mapping (PSpecD)u → (PSpecC)u is surjective and has the going-down
property. Let us show that f : Yu → Xu is open.
It suffices to show that the image of every principal open set is open. Let Yt
be a principal open set, then
Yu ∩ Yt = ∪στYσ(u)τ(t).
It suffices to consider the set of the form Yσ(u)τ(t). Since Yw = Yσ(w), it suffices
to consider the set of the form Yuv.
To show that the set f(Yuv) is open we shall use the criterion [3, chapter 7,
ex. 22]. Let Y ′ and X ′ be pseudospectra of D and C, respectively. Not that
every irreducible closed subset in X has the following form X ′0 ∩ Xu, where
X ′0 is an irreducible subset in X
′. Consider the set f(Y ′uv) and let X
′
0 be an
irreducible closed subset in X ′. Consider f(Y ′uv) ∩ X ′0. Suppose that the last
set is not empty. We have
f(Y ′uv) ∩X ′0 = f(Y ′uv ∩ f−1(X ′0)).
Let X ′0 = V (q), where q ∈ PSpecC. Therefore,
f(Y ′uv) ∩X ′0 = f(Y ′uv ∩ V (qe)).
The last set is not empty. Thus, there exists a prime ideal q′ in D such that
qe ⊆ q′ and uv /∈ q′. Since Duv is a flat Cu-module, using the same arguments
as above, we see that the mapping SpecDuv → SpecCu has the going-down
property. Therefore, the mapping f : Y ′uv → Xu has the going-down property.
Now consider the chain of pseudoprime ideals (q′)c ⊇ q in C and q′ in D.
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Then there exists a pseudoprime ideal q′′ in D such that (q′′)c = q. Therefore,
homomorphism C/q→ D/qe is injective. Now consider the pair of rings
(C/q)u ⊆ (D/qe)uv.
By Lemma 28, it follows that there exists an element s ∈ C/q such that (C/q)us
is an integral domain. Then Lemma 30 guaranties that for some element t ∈
(C/q)su the mapping
Spec(D/qe)uvst → Spec(C/q)ust
is surjective. Since the rings in the last expression are finitely generated algebras
over an Artin ring, the mapping
Max(D/qe)uvst → Max(C/q)ust
is surjective. By Proposition 7 (2), it follows that the mapping
(PMaxD/qe)uvst → (PMaxC/q)ust
is surjective. Thus, Xust ∩ (X ′0 ∩ X) is contained in f(Yuv). Now we are able
to apply the criterion [3, chapter 7, ex. 22]. To complete the proof we need to
remember that PMaxC can be identified with X and PMaxD with Y .
4.8 Adjoint construction
LetM be an abelian group. Consider the set of all functions on Σ taking values
in M . This set has a natural structure of abelian group. We shall denote it by
F(M). So, we have
F(M) =MΣ = { f : Σ→M }
The group Σ is acting on F(M) by the following rule (τf)(σ) = f(τ−1σ). Let σ
be an arbitrary element of Σ, then we have a homomorphism of abelian groups
γσ : F(M)→ M by the rule γσ(f) = f(σ). For an arbitrary homomorphism of
abelian groups h : M → M ′ we have a homomorphism F(h) : F(M) → F(M ′)
given by the rule F(h)f = hf , where f ∈ F(M). This homomorphism commutes
with the action of Σ. This group has the following universal property.
Lemma 47. Let N and M be abelian groups. Suppose that Σ acts on N by
automorphisms. Then for every homomorphism of abelian groups ϕ : N → M
and every element σ ∈ Σ there is a unique homomorphism of abelian groups
Φσ : N → F(M) such that the diagram
F(M)
γσ

N
ϕ //
Φσ
<<yyyyyyyy
M
is commutative and Φσ commutes with the action of Σ.
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Proof. If such a homomorphism Φσ exists then it satisfies the property νΦσ(n) =
Φσ(νn), where ν ∈ Σ and n ∈ N . Therefore, we have
Φσ(n)(τ) = Φσ(n)((τσ
−1)σ) = Φσ((τσ
−1)−1n) = ϕ(στ−1n)
So, such homomorphism is unique.
For existence let us define Φσ by the rule
Φσ(n)(τ) = ϕ(στ
−1n).
It is clear that this mapping is a homomorphism of abelian groups. Now we
shall check that it commutes with the action of Σ. Let ν ∈ Σ, then
(νΦσ(n))(τ) = Φσ(ν
−1τ) = ϕ(σ(ν−1τ)−1n) = ϕ(στ−1νn) = Φσ(νn)(τ)
Let A be a commutative ring with an identity. Let us denote the category
of all A modules by A−mod. For a given ring A we construct the ring F(A)
and will denote the category of all difference F(A) modules by Σ−F(A)−mod.
Let M be an A module, then we can produce an abelian group F(M). The
group F(M) has a structure of F(A) module by the rule (fh)(σ) = f(σ)h(σ),
where f ∈ F(A) and h ∈ F(M). As we can see F(M) is a difference F(A)-
module.
Let f : M → M ′ be a homomorphism of A-modules. Then the homomor-
phism F(f) : F(M) → F(M ′) is a difference homomorphism of F(A) modules.
As we can see these data define a functor.
Let N be a difference F(A) module. Let e ∈ F(A) be the indicator of
the identity element of Σ. Consider an abelian group eN in N . We have a
homomorphism A → F(A) such that every element of A maps to a constant
function. Therefore, module N has a structure of A module. Moreover, eN is
a submodule under defined action of A. There is another way to provide an
action of A on eN . We have a homomorphism γe : F(A) → A. Then for any
element a ∈ A we can take its preimage x in F(A) and we define an = xn for
n ∈ eN . This definition is well-defined. Indeed, let x′ be another preimage of
a, then x− x′ = (1− e)y. Therefore, xn = x′n for all n ∈ eN . Particulary, for
every a ∈ A we can take a constant function with a value a. Therefore, both
defined actions coincide to each other.
The second construction can be described in other terms. For the homomor-
phism γe : F(A) → A and a difference F(A)-module N we consider a module
N ⊗F(A)Aγe , where index γe reminds us the structure of F(A)-module on A.
So, we have a functor in other direction.
Theorem 48. The functors
F: A−mod→ Σ−F(A)−mod
− ⊗
F(A)
Aγe : Σ−F(A)−mod→ A−mod
are inverse to each other equivalences.
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Proof. Consider the composition G ◦F. Let M be an arbitrary A-module, then
GF(M) = eF(M). Now we see that the restriction of γe on eF(M) is the
desired natural isomorphism.
Now, let N be a difference F(A)-module. Then we have FG(N) = F(eN).
Using Lemma 47 we can define a homomorphism ΦN : N → F(eN). Let us
show that this homomorphism is a homomorphism of F(A)-modules. Consider
a ∈ F(A) and n ∈ N . Then
ΦN (an)(τ) = e(τ
−1(an)) = eτ−1(a)τ−1(n) = eaττ
−1(n)
and
(aΦN (n))(τ) = aτΦN (n)(τ) = eaττ
−1(n).
We are going to show that ΦN is a desired natural isomorphism. For that we
need to show that all ΦN are isomorphisms. Let n ∈ N . We have an equality
1 =
∑
σ eσ, where eσ is the indicator of the element σ. Then n =
∑
σ eσn.
Therefore, there is σ such that eσn 6= 0. Thus, eσ−1n = σ−1(eσn) 6= 0. Thus,
ΦN (n) is not a zero function.
Now consider the function ΦN (eσσ(n)). Let us calculate its values.
ΦN (eσσ(n))(τ) = e(τ
−1(eσσ(n))) = eeτ−1στ
−1σ(n) =
{
en, τ = σ
0, τ 6= σ
Therefore, ΦN (eσσ(n)) = (en)eσ. Since every element of F(eN) is of the form∑
σ(enσ)eσ we get the desired.
Now let B be an A-algebra, then F(B) is a difference F(A)-algebra, and
conversely if D is an F(A)-difference algebra, then D⊗F(A)Aγe is an A-algebra.
Moreover, we see that for every ring homomorphism f : B → B′ the mapping
F(f) : F(B)→ F(B′) is a difference homomorphism, and for arbitrary difference
homomorphism h : D → D′ the mapping h⊗ Id : D⊗F(A)Aγe → D′⊗F(A)Aγe
is a ring homomorphism.
Let us denote by A−alg the category of A-algebras and by Σ−F(A)−alg
the category of difference F(A)-algebras. So, we have proved a theorem.
Theorem 49. Functors
F: A−alg→ Σ−F(A)−alg
− ⊗
F(A)
Aγe : Σ−F(A)−alg→ A−alg
are inverse to each other equivalences.
For the difference ring F(A) there is a homomorphism γe : F(A) → A. For
every difference F(A)-algebra B the last homomorphism induce a homomor-
phism B → B⊗F(A)Aγe . We shall similarly denote the last homomorphism by
γe.
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4.9 Adjoint variety
Let X ⊆ An be a pseudovariety over a difference closed pseudofield A. We
know that A = F(K), where K is an algebraically closed field. We shall connect
with X a corresponding algebraic variety over K. Moreover, if X has a group
structure such that all group laws are regular mappings, then the corresponding
algebraic variety will be an algebraic group.
From the previous section we have the equivalence of categories K−alg and
Σ−A−alg. Now we note that a difference A-algebra B is difference finitely
generated over A iff the algebra G(B) is finitely generated over K. For any
pseudovariety X we construct the ring of regular functions A{X}. This ring is
difference finitely generated over A, therefore, the ring B = G(A{X}) is finitely
generated over K. The last ring defines an algebraic variety X∗ such that the
ring of regular functions K[X∗] coincides with B. The variety X∗ will be called
an adjoint variety for X .
Now consider an arbitrary pseudovariety X ⊆ An. Then a difference line A
has a natural structure of an affine space over K. Indeed, A = F(K) = Km,
where m = |Σ|. Therefore, the set X can be considered as a subset in Kmn.
We claim that this subset is an algebraic variety over K that can be naturally
identified with X∗.
Now we shall show that there is a natural bijection between X and X∗.
Indeed, pseudovariety X can be naturally identified with
homΣ−A−alg(A{X}, A).
From Theorem 49 the last set can be naturally identified with
homK−alg(K[X
∗],K).
And the last set coincides with X∗. So, we have constructed a mapping ϕ : X →
X∗.
We shall describe the bijection ϕ explicitly. Consider a pseudovariety X
over difference closed pseudofield A and let A = F(K), where K is algebraically
closed. Suppose that X is a subset of An. Then the algebra A{X} is of the
form A{x1, . . . , xn}/I(X), where I(X) is the ideal of definition for X . For every
point (a1, . . . , an) ∈ X we construct a difference homomorphism A{X} → A by
the rule f 7→ f(a1, . . . , an). Using this rule the variety X can be identified with
{ϕ : A{X} → A | ϕ is a Σ homomorphism , ϕ|A = Id }
Then it follows from Theorem 6 that this set coincides with
{ϕ : A{X} → K | ϕ is a homomorphism, ϕ|A = γe }
Let e ∈ A be the indicator of the identity element of Σ. Then for every homo-
morphism ϕ such that ϕ|A = γe the element 1− e is in kerϕ. And if we identify
the subring eA with K we get that the previous set coincides with
{ϕ : eA{X} → K | ϕ is a homomorphism, ϕ|eA = Id }
39
Since A{X} = A{x1, . . . , xn}/I(X), then eA{X} is of the form
K[. . . , σxi, . . .]/eI(X).
And every homomorphism f : eA{X} → K we identify with the point
(. . . , f(σxi), . . .) ∈ X∗ ⊆ Kn|Σ|.
If ξ presents an element of X and ǫ presents the corresponding to ξ element of
X∗ then we have the following commutative diagram
A{X} ξ //
γe

A
γe

K[X∗]
ǫ // K
Let f : X → Y be a regular mapping of pseudovarieties X and Y . This
mapping induce a difference homomorphism f¯ : A{Y } → A{X}. Then applying
functor G we get G(f¯) : K[Y ∗] → K[X∗]. The last homomorphism induce a
regular mapping f∗ : X∗ → Y ∗.
Proposition 50. Let f : X → Y be a regular mapping of pseudovarieties X
and Y . Then
1. The diagram
X
f //
ϕ

Y
ϕ

X∗
f∗ // Y ∗
is commutative.
2. ϕ is a homeomorphism.
3. ϕ preserves unions, intersections, and complements.
Proof. (1) The proof follows from commutativity of the diagram
A{Y } f¯ //
γe

A{X} ξ //
γe

A
γe

K[Y ∗]
G(f¯) // K[X∗]
ϕ(ξ) // K
(2) Let I be an ideal of the ring K[X∗] then F(I) is an ideal of A{X}. Then
it follows from Theorem 48 that difference homomorphism ξ : A{X} → A maps
F (I) to zero iff the homomorphism ϕ(ξ) : K[X∗]→ K maps the ideal I to zero.
And converse, from Theorem 48 we know that every difference ideal of A{X}
has the form F(I) for some ideal I of K[X∗].
(3) Every bijection preserves such operations.
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Here we recall that the set X∗ coincides with X if we consider an affine
pseudospace F(K) as an affine space K |Σ|. So, the morphism f∗ : X∗ → Y ∗ is
just the initial mapping f : X → Y if we identify X with X∗ and Y with Y ∗.
In other words, there is no difference between pseudovarieties over F(K) and
algebraic varieties over K.
Moreover, we shall show that using this correspondence between pseudova-
rieties and algebraic varieties all geometric theorems like 44, 45, and 46 can be
derived from the same theorems for algebraic varieties. But if we analyze the
proofs of the mentioned theorems we will see that they remain valid even for
an arbitrary pseudofield if we take pseudomaximal (or pseudoprime) spectra
instead of pseudovarieties. Therefore, we adduce direct proofs of Theorems 44,
45, and 46. But now we are going to derive them from results about algebraic
varieties.
Theorem 51. Let f : X → Y be a regular mapping of pseudovarieties. Then
1. If Y is irreducible and f is dominant then the image of f contains open
subset.
2. For every constructible set E ⊆ X the set f(E) is also constructible.
3. Let the image of f be dense, then there is an open subset U ⊆ X such that
the restriction of f onto U is an open mapping.
Proof. (1) Consider f∗ : X∗ → Y ∗. Then the image of f∗ is dense and Y ∗ is
irreducible. Therefore, it follows from [3, chapter 5, ex. 21] that the image of f∗
contains an open subset U . The corresponding subset ϕ−1(U) is an open subset
in the image of f .
(2) As in previous situation we consider a mapping f∗ : X∗ → Y ∗. The set
E is of the following form E = U1 ∩ V1 ∪ . . . ∪ Un ∩ Vn, where Ui are open and
Vi are closed. Since ϕ is a homeomorphism we see that ϕ(E) is constructible.
Then it follows from [3, chapter 7, ex. 23] that f(ϕ(E)) is constructible in Y ∗.
And applying ϕ−1 we conclude that f(E) is constructible.
(3) Again consider the regular mapping f∗ : X∗ → Y ∗. We can find an
element s ∈ K[Y ∗] such that K[Y ∗]s is irreducible. Then it follows from [9,
chapter 8, sec. 22, th. 52] that there is an element u ∈ K[Y ∗] such that the ring
K[X∗]su is faithfully flat over K[Y
∗]su. Hence, from [3, chapter 7, ex. 25] we
have that the mapping f∗ : (X∗)su → (Y ∗)su is open. Since ϕ is a homeomor-
phism we get the desired result.
Now suppose that X is a pseudovariety with a group structure such that
all group laws are regular mappings. The last one means that A{X} is a Hopf
algebra over A. So, we have
µ∗ : A{X} → A{X ×X} = A{X}⊗
A
A{X}
i∗ : A{X} → A{X}
ε∗ : A{X} → A
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and these mappings satisfy all necessary identities. Since functors F and G
are equivalences they preserve limits and colimits. Therefore, they preserve
products and tensor products. So, applying the functor G to A{X} we get
a Hopf algebra K[X∗] = G(A{X}) over a field K, because G preserves all
identities on mappings µ∗, i∗, and ε∗.
4.10 Dimension
Let X ⊆ An be a pseudovariety over a difference closed pseudofield A, and as
above we suppose that A = F(K), whereK is an algebraically closed field. Since
A is an Artin ring and A{X} is a finitely generated algebra over A, the ring
A{X} has finite Krull dimension. Therefore, we can define dimX as dimA{X}.
It follows from Theorem 49 that A{X} = F(K[X∗]). In other words A{X}
is a finite product of the rings K[X∗]. Therefore, algebras A{X} and K[X∗]
have the same Krull dimension. So, we have the following result.
Proposition 52. For arbitrary pseudovariety X we have dimX = dimX∗.
It should be noted that an affine pseudoline A has dimension |Σ|. Moreover,
we have more general result.
Proposition 53. An affine pseudospace An has dimension n|Σ|.
Proof. The ring of regular functions on An coincides with the ring of differ-
ence polynomials A{y1, . . . , yn}. Its image under the functor G coincides with
K[. . . , σyi, . . .]. Number of variables is n|Σ|.
The last result agrees with our insight about structure of An. Indeed, every
A can be identified with K |Σ|. So, An coincides with Kn|Σ|.
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